On this side he fell down from Heaven, and the land which before stood out here made a veil of the sea for fear of him and came to our hemisphere; and perhaps to escape from him that which appears on this side left here the empty space and rushed upwards. Let M be a compact oriented irreducible atoroidal 3-manifold with connected incompressible boundary that is not empty nor a torus. By W. Thurston's Uniformization Theorem for Haken Manifolds (see [51, 56, 57, 41] ), the interior M
A set in T(S) is ε-cobounded if each of its points has injectivity radius at least ε. A theorem of T. Jørgensen states that the only manner in which a collection of volumes of compact hyperbolic manifolds with totally geodesic boundaries can accumulate is via a sequence of hyperbolic Dehn fillings, see Section 8. The estimates are then obtained as a consequence of the Bounded Image Theorem, Theorem 1, and a uniform filling theorem.
In preparation for the statement, recall that the normalized length of a curve in a flat torus is its length divided by the positive square root of the area of the torus. Given a curve homotopic into a cusp of a hyperbolic 3-manifold, one may define its normalized length to be the normalized length of a geodesic representative in a cusp cross section.
Filling Theorem. Let M be a finite volume hyperbolic manifold with nonempty totally geodesic boundary and let ε > 0. There is anh > 0 such that if the normalized length of each component of a Dehn filling slope α is at leasth, then
d T(∂ M) (σ M (X), σ M(α) (X)) < ε for
all X in T(∂ M).
In other words, as one performs higher and higher Dehn fillings on M, the skinning maps of the filled manifolds converge uniformly on all of Teichmüller space to the skinning map of M.
The reader will notice that we only require the components of α to be long in the cusp cross section of M, rather than in all of the geometrically finite manifolds M X as X ranges over T(∂ M). As it turns out, a "flat" version of the Bounded Image Theorem tells us that the normalized lengths of a curve in all of the M X are comparable, and so the normalized length condition is in fact a topological one. With the Universal Hyperbolic Dehn Filling Theorem of K. Bromberg, C. Hodgson, and S. Kerckhoff, this shows that when M has a single cusp, there is a finite set of filling slopes outside of which hyperbolic Dehn filling may be performed on all of the M X . There is a similar statement in the presence of a number of cusps, though we warn the reader that it is not always the case that the set of filling slopes exceptional for hyperbolic Dehn filling is finite. For example, the Whitehead link admits infinitely many Lens space fillings. See Section 1.5.
If one simply desires the skinning maps to be close on a compact set, one may use J. Brock and K. Bromberg's Drilling Theorem [14] , and make a geometric limit argument. The way this argument goes is as follows. Given a geometrically finite hyperbolic manifold M with a rank-two cusp and nonempty conformal boundary, consider the quasifuchsian group corresponding to the latter. The image of its convex core in M misses a neighborhood of the cusp. By work of Bromberg, hyperbolic Dehn fillings may be performed while fixing the conformal boundary and higher and higher fillings produce bilipschitz maps outside a neighborhood of the cusp with better and better constants, by the Drilling Theorem. Since the core of the quasifuchsian group misses this neighborhood, the generators of this group move less and less in PSL 2 C. This means that the quasifuchsian group at ∂ M is close in the algebraic topology to the quasifuchsian group at the boundary of the filled manifold. Since the Teichmüller metric on the space of quasifuchsian groups induces the same topology, we know that the skinning surfaces are close.
This argument passes from bilipschitz control to the algebraic topology to the Teichmüller metric. If one attempts the argument as the conformal boundary changes, the intermediate step is an obstacle: as the conformal boundary diverges, one may in fact need better and better quality bilipschitz maps in order to ensure reasonable quality estimates in the Teichmüller metric.
To gain uniform control over Teichmüller space we must make a more universal argument, which is roughly as follows. We have the arrangement above, now with a varying ideal conformal structure X. Rather than attempting passage through the algebraic topology, we estimate the Teichmüller distance between the skinning surfaces directly. By the work of C. Epstein, there is a smooth strictly convex surface E in the end of the quasifuchsian manifold QF(X,Y ) facing Y . The curvatures of this surface are well behaved and the Hausdorff distance between E and the convex core is bounded, both independent of X.
There is a universal Margulis tube about the cusp in M that misses the image of E. Now, in [14] , Brock and Bromberg estimate the strain that the filling process places on M and E and it follows that for high enough fillings, the principal curvatures of E in the filled manifolds are uniformly close to those of E, and so E is eventually strictly convex in the quasifuchsian covers of these manifolds-ifh is large enough, the surface E lifts to a surface embedded in these quasifuchsian manifolds, see Section 6.
Since E is convex, there is a normal projection from σ M (X) to E. Since the image of E is convex, there is a normal projection from the skinning surface of the filled manifold to the image of E. So we obtain a map between skinning surfaces. As we do higher and higher fillings, the principal curvatures of the image of E converge to those of E, and since the derivatives of the projections depend only on these curvatures, they cancel in the limit, and we conclude that our map is very close to conformal. This yields the desired estimate on the Teichmüller distance.
With some additional work, these techniques yield the following theorem due jointly to K. Bromberg and the author. (Bromberg-Kent) . For each ε > 0 there is a δ > 0 such that if M is an orientable hyperbolic 3-manifold with totally geodesic boundary Σ containing a pants decomposition P each component of which has length less than δ , then the diameter of the skinning map of M is less than ε.
Pinched Manifolds
In particular, the lower bound in our Volume Estimate tends to zero as the volume grows. Note that δ does not depend on the topology of ∂ M.
The proof of the theorem is roughly as follows. Let Γ be the uniformizing Kleinian group for M. Since the pants decomposition P is very short, the Drilling Theorem allows it to be drilled from H 3 /Γ. This drilled manifold N contains an isometrically embedded copy of the so-called maximal cusp hyperbolic structure on M • corresponding to P. The conformal boundary of the maximal cusp is a union of thrice-punctured spheres, and by a theorem of C. Adams [1] , these spheres may be taken to be totally geodesic in all of the complete hyperbolic structures on N. As thrice-punctured spheres have no moduli, the maximal cusp isometrically embeds in every hyperbolic structure on N.
A doubling argument shows that the meridional Dehn filling slopes of N have large normalized lengths in every hyperbolic structure on N, provided P is short enough, and so Dehn filling may be performed there over all of GF(N). So, by drilling, performing a quasiconformal deformation, and filling, we may convert H 3 /Γ to any point in GF(M). Now a surface G is constructed in N, contained in our maximally cusped copy of M • sitting isometrically in N, and all of whose principal curvatures are strictly greater than −1. Unlike the surface used in the proof of the filling theorem, the surface G is not convex.
Pushing G back into H 3 /Γ yields a surface whose principal curvatures are still above −1, which allows a normal projection to the skinning surface. As the maximally cusped M • in N is unaffected by any quasiconformal deformation of N, so unaffected is our surface G. Filling again still has little affect on G, and as in the proof of the Filling Theorem, we obtain a map between the skinning surface at Σ and the skinning surface at any other point that is very close to being conformal. This is the statement that the diameter of σ M is small.
There is a strong form of Minsky's question: Question (Minsky). Is the diameter of σ M bounded above by a constant depending only on the topology of ∂ M?
A theorem of A. Basmajian [8] implies that a bound on the volume of a manifold with totally geodesic boundary yields a bound on the sum of the genera of the boundary components, and so an affirmative answer implies the upper bound in our Volume Estimate. Note that by the previous theorem, and M. Fujii and T. Soma's Density Theorem [33] , there is no lower bound depending only on the topology of ∂ M.
In their solution of Thurston's Ending Lamination Conjecture [50, 16, 15] , Brock, R. Canary, and Minsky show that Minsky's model manifold associated to ending laminations λ − and λ + on a surface S is L-bilipschitz to any hyperbolic manifold homeomorphic to S × R with those ending laminations-this is part of the Bilipschitz Model Theorem. It follows from D. Sullivan's Rigidity Theorem [64] that there is a unique hyperbolic manifold homeomorphic to S × R with ending laminations λ − and λ + . The model is particularly good in this case as the constant L only depends on the topology of S.
In the general case we have a manifold M with a hyperbolic structure on its interior, and the Bilipschitz Model Theorem again provides a bilipschitz map between the model and M • whose constant depends only on the topology of M. The model is built by passing to the cover corresponding to ∂ M, constructing the model for the pair of end invariants (λ , σ M (λ )), cutting off the end facing the Riemann surface σ M (λ ), and capping off with M equipped with an arbitrary metric. A uniform bound on the The exterior M n of S. Suzuki's Brunnian graph G n in Figure 1 [67] admits a hyperbolic structure with totally geodesic boundary, see [58] and [72] . As n tends to infinity, the length of the fine arc depicted tends to zero. This means that we may normalize the domain of discontinuity to appear as in Figure 2 , where the disk containing infinity unifomizes the boundary of M n . The large disk in the center leads one to suspect that σ M n has large diameter, as a deformation of ∂ M n is carried by the skinning map to a deformation of ∂ M n that seems dominated by its effect in the central disk. For a particular deformation, this intuition is justified by E. Reich and K. Strebel's First Fundamental Inequality. In fact, a manifold will have a skinning map of large diameter provided it only possesses shallow collars about its totally geodesic boundary, see Section 5; conversely, we have the following theorem: A theorem of Fujii and Soma [33] says that the surfaces appearing as the totally geodesic boundary of a hyperbolic 3-manifold without cusps form a dense subset of the Teichmüller space-this theorem depends on a theorem of R. Brooks [21] that says that the surfaces appearing as nonseparating totally geodesic surfaces in closed hyperbolic manifolds is dense. It is not difficult to see from the proof that for any d > 0, the totally geodesic boundaries of manifolds possessing a collar of depth d about the boundary are also dense, and so the manifolds in the theorem exist in great abundance.
To prove the theorem, the skinning surface is compared directly to the totally geodesic boundary as in the proof of the Filling Theorem. This time the necessary Figure 2 : The domain of discontinuity of the uniformizing Kleinian group for S 3 − G n . control is guaranteed by Brock and Bromberg's Geometric Inflexibility Theorem and the estimates of strain in its proof.
A corollary of the above theorem is the following quasifuchsian version of Fujii and Soma's density theorem-again this has the flavor of a theorem of Brooks: the set of quasifuchsian groups induced by nonseparating surfaces in closed hyperbolic manifolds in dense in the space of all such groups, see [21] .
Quasifuchsian Density. The subset of QF(S) consisting of quasifuchsian groups that appear as the only boundary subgroup of a geometrically finite acylindrical hyperbolic 3-manifold is dense.
Another corollary is our Capping Theorem, proven in Section 4, which allows certain properties of skinning maps of manifolds with a number of boundary components to be promoted to those of manifolds with connected boundary.
We close the introduction by emphasizing that our manifolds with large diameter skinning maps have only very shallow collars about their totally geodesic boundaries, while those with highly contracting maps have very deep collars. With Basmajian's theorem [8] that totally geodesic surfaces have collars whose depth depends only on the surface's area, this is perhaps an indication that Minsky's second question has an affirmative answer.
and Yair Minsky for conversations that produced the proof of the Bounded Image Theorem given in the final section.
1 The landscape
Geometry of Teichmüller spaces
We refer the reader to [4] , [34] , and [35] for more on quasiconformal mappings and Teichmüller theory.
A homeomorphism f : X → Y between Riemann surfaces is K-quasiconformal if it has locally integrable distributional derivatives that satisfy
Let Γ be a torsion free Fuchsian group acting on H 2 -we consider
Given such a µ, there is a unique quasiconformal map f µ : H 2 ∪ S 1 ∞ → H 2 ∪ S 1 ∞ fixing 0, 1, and ∞ whose Beltrami coefficient is µ. Two differentials µ and ν are Teichmüller equivalent if f µ and f ν are identical on R-we also say that f µ and f ν are equivalent in this case. The quotient of L ∞ (H 2 , Γ) by this equivalence relation is the Teichmüller space T(Γ) of Γ-also referred to as the Teichmüller space
A quasiconformal f is extremal if the L ∞ -norm of its Beltrami coefficient is less than or equal to that of any map equivalent to f . Every quasiconformal map is equivalent to an extremal one.
denote the dilatation of the extremal quasiconformal map equivalent to f µ , called its extremal dilatation, and we drop the subscript X Γ when no confusion can arise. We write Q(X Γ ) for the space of integrable holomorphic quadratic differentials on X Γ , equipped with the norm
On H 2 , these are the integrable holomorphic functions ϕ satisfying
for all g in Γ and all z in H 2 -these are the holomorphic cusp forms for Γ.
The Fundamental Inequality
An inequality due to Reich and Strebel estimates the extremal dilatation of a Beltrami differential from below:
Theorem 2 (First Fundamental Inequality [35] ). Let f : X → Y be a quasiconformal map with dilatation µ. Then the extremal dilatation satisfies
for all unit norm holomorphic quadratic differentials ϕ on X.
Note that if µ is a Teichmüller differential k|ϕ|/ϕ, we have equality in (1.2). We refer the reader to Section 4.9 of [35] for a proof.
3-manifolds
Let M be a smooth compact 3-manifold with boundary. 
Kleinian groups
The group of orientation preserving isometries of hyperbolic 3-space H 3 is the group PSL 2 C of fractional linear transformations, and, for our purposes, a Kleinian group is a finitely generated discrete subgroup of this group. We will assume throughout that our Kleinian groups are nonelementary, meaning that they are not virtually cyclic.
The limit set Λ Γ of a Kleinian group Γ is the unique minimal nonempty closed Γ-invariant subset of C. Its complement, Ω Γ = C − Λ Γ is the domain of discontinuity of Γ, and is the largest open set in C on which Γ acts properly discontinuously.
We let M Γ = H 3 /Γ and letṀ Γ = (H 3 ∪ Ω Γ )/Γ denote the Kleinian manifold. The quotient C Γ = H Γ /Γ of the convex hull H Γ of Λ Γ is the convex core of M Γ . We sometimes write C(M Γ ) for C Γ . We say that Γ and M Γ are geometrically finite if the 1-neighborhood of C Γ has finite volume.
Let M be a compact oriented 3-manifold and let P be a π 1 -injective 2-dimensional submanifold of ∂ M of Euler characteristic zero containing all of the tori in ∂ M. The space of hyperbolic structures H(M, P) is the space of discrete faithful representations ρ : π 1 (M) → PSL 2 C up to conjugacy such that for each component P 0 of P, the image ρ(π 1 (P 0 )) is purely parabolic. Such representations are then holonomy representations of complete hyperbolic metrics on M • and so we may think of H(M, P) as a space of hyperbolic metrics on M • . We let AH(M, P) denote this set equipped with the topology induced by the inclusion
called the algebraic topology-this is the same topology that AH(M, P) inherits from the inclusion into the SL 2 C-character variety X(M, P), which is a particular birational representative of the quotient by SL 2 C of the space of representations with parabolics at P in the sense of geometric invariant theory. When P is the union of all of the tori in ∂ M, we write AH(M) = AH(M, P). When given a geometrically finite hyperbolic 3-manifold N, possibly with geodesic boundary, we often write AH(N) for the space AH(M, P) where M is a compact manifold whose interior is homeomorphic to that of N and P is the submanifold of ∂ M corresponding to the cusps of N. A hyperbolic structure in AH(M, P) has totally geodesic boundary if the subgroups of π 1 (M) corresponding to ∂ M − P are all fuchsian, so that the representation is the holonomy representation of the hyperbolic metric on M − P with totally geodesic boundary.
It is a theorem of V. Chuckrow [27] that AH(M, P) is closed in X(M, P), and, as mentioned in the introduction, the key to the Bounded Image Theorem is the following compactness theorem of Thurston. [69, 71] ). If (M, P) admits a hyperbolic structure with totally geodesic boundary, then AH(M, P) is compact.
Theorem 3 (Thurston
By a theorem of Marden [46] and Sullivan [66] , the interior of AH(M, P) is precisely the set of geometrically finite hyperbolic structures on M • with no parabolics other than those arising from P, and so we write GF(M, P) = AH(M, P)
• . With the Measurable Riemann Mapping Theorem of Ahlfors and Bers [3] , this implies the following theorem, see [11] or [26] .
Given a point X in T(∂ M − P), we write M X for the manifold M • equipped with the hyperbolic structure corresponding to X.
Let S be a closed surface. When M is homeomorphic to S × [0, 1], we write QF(S) = GF(M). In this case, Theorem 4 is Bers' Simultaneous Uniformization Theorem:
Theorem 5 (Simultaneous Uniformization [10]). QF(S) ∼ = T(S) × T(S).
If X and Y are points in T(S) and T(S) we write QF(X,Y ) for the hyperbolic manifold in QF(S) corresponding to the pair (X,Y ). If A and B are sets in T(S) and T(S), we let QF(A, B) denote the set of all manifolds QF(X,Y ) with X in A and Y in B.
Deformations
We will make use of the following well-known theorem-see Theorem 2.5 and Corollary B.23 of [49] .
And we will once mention the following proposition-see Proposition 2.16 in [49] . We will also need the following coarse notion. Let K ≥ 1 and
Pleated surfaces
A map f : Σ → M from a hyperbolic surface Σ to a hyperbolic 3-manifold M is a pleated surface provided it is a path isometry (meaning that it sends rectifiable arcs to rectifiable arcs of the same length) and for each x in Σ, there is a geodesic segment γ through x that f carries to a geodesic segment in M.
Confusing a pleated surface with its image, the boundary ∂ C Γ of the convex core of a hyperbolic manifold M Γ is a collection of pleated surfaces.
We will need the following theorem of Thurston [69] .
Theorem 8 (Pleated surfaces compact).
Let ε > 0. The space of pleated surfaces f : S → N in hyperbolic 3-manifolds N with base-frame having injectivity radius at least ε at the base-frame in S is compact in the geometric topology.
Skinning
Let M be a hyperbolic manifold with connected totally geodesic boundary Σ. There is a map induced by inclusion
whose first coordinate function is the identity on T(Σ). Composition with projection onto the second factor yields a map
called the skinning map associated to M.
We henceforth denote the open unit disk in C by L, and let U denote the interior of its complement.
After conjugating, we assume that the boundary Σ is uniformized by a fuchsian subgroup Γ Σ ≤ Γ M acting on U.
The complex structure on T(Σ) is induced by the natural complex structure on L ∞ (Σ). The skinning map is easily described at the equivariant level by sending the
and restricting to L. As this differential depends holomorphically on µ, the skinning map is holomorphic.
and that Σ 0 is connected and uniformized by
3), declaring that the differential be identically zero on C − Γ M U, and restricting to L.
Given a skinning map σ , we will, to simplify the notation, write
for its Teichmüller equivalence class-although the latter is the actual image of [µ] under the skinning map, it is often useful to work with the representative σ (µ).
Dehn filling for families
Given a 3-manifold M, a slope is the isotopy class of an essential embedded 1-manifold on the union of tori in ∂ M with at most one component on each torus. Given a slope α, we may perform Dehn filling along α to obtain a manifold
If M is a geometrically finite hyperbolic manifold, slope will mean an isotopy class of an essential embedded 1-manifold on the boundary of the complement of a horospherical neighborhood of the cusps, and Dehn fillings will refer to fillings of this complement. If the α-filling of M admits a complete hyperbolic metric, we reserve M(α) to denote the hyperbolic structure with the same conformal boundary as M, and a filling is hyperbolic if the cores of the filling tori are geodesics-in Jørgensen's theorem we alter this convention, see Section 8.
In the finite volume setting, Thurston's Hyperbolic Dehn Filling Theorem provides a finite set of filling slopes outside of which any filling may be taken to be hyperbolic, see [9] for instance. Hodgson and Kerckhoff have shown [39] that as long as the normalized length of each component of a slope α in the horospherical cross sections of the cusps is at least 7.515 √ 2, then hyperbolic Dehn filling may be performed at α-the normalized length of a curve γ in a flat torus is its length divided by the positive square root of the area of the torus, the normalized length of an isotopy class the infimum of the normalized lengths of its representatives.
Given a geometrically finite hyperbolic manifold M, a generalization of the Hyperbolic Dehn Filling theorem applies to show that, at each cusp, there is a finite set of slopes that are exceptional for hyperbolic filling [28] . It is not a priori obvious that this set may be taken to be independent of the geometrically finite hyperbolic structure on M. Thanks to the work of Bromberg, Hodgson and Kerckhoff's Universality Theorem extends (with a different constant) to the geometrically finite setting, which gives to each cusp a uniform finite set of exceptional slopes for all of the hyperbolic structures in GF(M), as we now discuss.
Let M be a compact orientable irreducible acylindrical 3-manifold. Let T be the union of the tori in
be the Teichmüller space of T -the space of marked flat metrics on T such that each component of T has area one. There is a map
that assigns the shapes of the cusp cross sections to a geometrically finite hyperbolic structure. We have the following "flat" version of the Bounded Image Theorem.
Theorem 9.
The image of τ M has compact closure.
Proof. The space AH(M) is compact, and τ M extends continuously to the closure GF(M) of GF(M) in AH(M), which is, incidentally, known to be all of AH(M) [14] .
While continuity in the proof is apparent here, it is not in the proof of the Bounded Image Theorem, see Section 9.
The following theorem is a version of Hodgson and Kerckhoff's Universal Hyperbolic Dehn Filling Theorem, extended via work of Bromberg, that allows the manifolds to have infinite volume, and is stated in [17] . The hyperbolic Dehn filling is achieved by a cone deformation that pushes the cone angle from zero up to 2π, see Section 1.8.
Theorem 10 has the following topological corollary.
Theorem 11 (Universal Exceptions).
Let M be as above and let ℓ > 0. Let P 1 , . . . , P n be the rank-two cusps of M, and let S i be the set of filling slopes at P i . Then there are finite sets E i ⊂ S i such that for all M X in GF(M) and all
one may perform hyperbolic Dehn filling on M X at α. Moreover, the lengths of the cores of the filling tori are less than
Proof. The theorem is simply a corollary of Theorem 10, Theorem 9, and the fact that the length spectrum of a flat torus is discrete with finite multiplicities.
Strain fields
Deformations of hyperbolic manifolds such as cone deformations and quasiconformal conjugacies induce bilipschitz maps between manifolds. In these cases, the pointwise bilipschitz constant may be controlled by estimating norms of certain strain fields. These estimates often provide control of other geometric information, such as various curvatures of embedded surfaces, which we will soon desire and so now discuss. The material in the next few sections is drawn mostly from [14] , [13] , and [49] , where the reader will find more detailed discussions, see also [38] .
In the following, g t will denote a smooth family of hyperbolic metrics on a 3-manifold M. There are vector valued 1-forms η t defined by
and, choosing an orthonormal frame field {e 1 , e 2 , e 3 } for the g t metric, we define the norm
We consider metrics g t that are the pullback of a fixed metric g under the flow ϕ t of a time-dependent vector field v t . Letting ∇ t be the Levi-Civita connection for g t , we have η t = sym ∇ t v t when g t = ϕ * t g. The v t will be harmonic, meaning that they are divergence free and curl curlv t = −v t (where the curl is half of the usual one). On vector-valued k-forms we define the operator
where {ω 1 , ω 2 , ω 3 } is a coframe field dual to {e 1 , e 2 , e 3 }. The formal adjoint of this operator is then
where ι is contraction. In [37] it is shown that D * t η t = 0. Proposition 12 ). Let γ(s) be a smooth curve in M and let C(t) be the geodesic curvature of γ at γ(0) = p in the g t -metric. For each ε > 0 there exists a δ > 0 depending only on ε, a, and
The pointwise norm of * D t η t is defined as in (1.4). Given a vector field v, the symmetric traceless part of ∇v is the strain of v, which measures the conformal distortion of the metric pulled back by the flow of v. When v is divergence-free ∇v is traceless, and so η = sym ∇v is a strain field. We say that η is harmonic if v is.
We will need the following mean-value inequality for harmonic strain fields, see [18] . 
and R < π √ 2 .
Cone manifolds
Let M be a compact manifold and let c ⊂ M be a compact 1-manifold. A hyperbolic cone metric on (M, c) is a hyperbolic metric on the interior of M − c whose metric completion is a metric on the interior of M that in a neighborhood of a component of c has the form
where θ is measured modulo a cone angle a. The hyperbolic metric on the universal cover of the interior of M − c has a developing map to H 3 , and we say that a family g t of hyperbolic cone metrics is smooth if its family of developing maps is smooth.
Our hyperbolic cone manifolds will be geometrically finite, meaning that the cone metric extends to a conformal structure on the portion of ∂ M that contains no tori.
Drilling
The following existence theorem of Bromberg allows one to deform certain cone manifolds by pushing the cone angle all the way to zero while fixing the conformal boundary. Theorem 14 (Bromberg [18] ). (In our work here, the tube radius condition is easily established, as we always begin or end with cone angle 2π, and a theorem of Brooks and J. P. Matelski [22] tells us that the radius of a tube is large when its core is short.) Together with the Hodge Theorem of Hodgson and Kerckhoff [37] and Bromberg's generalization of it to geometrically finite cone manifolds [18] , this yields the following theorem, see [14] .
Theorem 15 (Bromberg-Hodgson-Kerckhoff) . Let M t be the 1-parameter family in Theorem 14. There exists a 1-parameter family of cone metrics g t on M such that M t = (M, g t ) and η t is a harmonic strain field outside a small tubular neighborhood of the singular locus and the rank-two cusps.
Brock and Bromberg establish an L 2 -bound on the norm of this strain field:
This allows them to prove the following theorem.
Theorem 17 ). Let M be a geometrically finite hyperbolic
where M \ T(c) denotes the complement of a standard tubular neighborhood of c in M, M 0 denotes the complete hyperbolic structure on M \ c whose conformal boundary agrees with that of M, and P(c) is a standard rank-two cusp corresponding to c.
In fact, Proposition 12, Theorem 13, and Theorem 16 yield the following theorem.
Theorem 18 ). For any ε, δ ,C > 0 and L > 1, there exists an 
is L-bilipschitz and
The map in Theorem 17 is obtained by letting W be the entire thick part and extending the map to the complement of a tubular neighborhood of the singular locus. This not only provides desirable bilipschitz maps, but will further allow us to control the change in the principal curvatures of certain surfaces under Dehn filling. We pause to formulate what we need.
Let F be an oriented Riemannian surface and let M and N be oriented Riemannian
be smooth with f an immersion and g an orientation preserving embedding. There are unique unit normal fields on f (F) and g f (F) compatible with the orientations, and these are the unit normal fields that we use to define the normal curvatures of the two surfaces. We say that the normal curvatures of g f (F) are within δ of those of
is the normal curvature of g f (F) in the direction of Dg (v) . Given a family of such embeddings
we say that the normal curvatures of g j f j (F j ) tend to those of f j (F j ) if they are within δ j of each other with δ j tending to zero. We will need the following statement. In particular, the principal curvatures of f a (F) are within δ of those of F.
Geometric inflexibility
In addition to the geometric effect of cone deformations, we will need to control the effect of quasiconformal conjugacies of Kleinian groups deep in the hyperbolic manifolds. McMullen's Geometric Inflexibility Theorem says that in the convex core of a convex cocompact Kleinian group, the effect of a quasiconformal deformation decays exponentially as one moves away from the boundary of the core. Precisely, Theorem 20 (McMullen [49] ). Let Γ be a finitely generated purely loxodromic Kleinian group and let M Γ = H 3 /Γ. A K-quasiconformal conjugacy of Γ induces a map f between hyperbolic manifolds whose bilipschitz constant at a point p in the convex core
where C is a universal constant and A depends only on a lower bound on the injectivity radius at p and an upper bound on the injectivity radius in C(M Γ ).
Typically this theorem is used in the geometrically infinite setting, where one is free to move perpetually deeper into the core. We will be studying sequences of geometrically finite manifolds whose cores are getting deeper and deeper still while the dilatations of our deformations remain bounded. Unfortunately, our sequences will have convex cores of larger and still larger injectivity radii, and so McMullen's theorem will not be applicable. Fortunately, the following Geometric Inflexibility Theorem of Brock and Bromberg trades this bound for a bound on the area of the boundary and is sufficient for our purpose here. ). Let Γ be a purely loxodromic Kleinian group and let M Γ = H 3 /Γ. A Γ-invariant Beltrami differential µ on C induces a map f µ between hyperbolic manifolds whose bilipschitz constant at a point p in the convex core
Theorem 21
where C and A depend only on K, a lower bound on the injectivity radius at p, and the area of ∂ C(M Γ ).
The map f µ is constructed in a natural way that we now recall-see [13] and Appendix B of [49] . By a visual averaging process, any vector field v on C has a visual extension to a vector field ex(v) on H 3 , and any Beltrami differential µ on C has such an extension to a strain field ex(µ). The isotopy is natural in the sense that given γ 0 and γ 1 in PSL 2 C such that
The Beltrami isotopy has a natural visual extension
that is the integral of the harmonic vector field ex(v t ). The maps Φ t are bilipschitz, and letting η t denote the harmonic strain field ex(∂ v t ), the pointwise bilipschitz constants satisfy
Taking our differential µ in Theorem 21, we begin with the normalized quasiconformal mapping with Beltrami coefficient µ and obtain an equivariant discussion, a 1-parameter family of hyperbolic manifolds M t = (M, g t ), and bilipschitz maps Ψ t : M 0 → M t obtained by pushing the Φ t down to the quotient. The harmonic strain fields ex(∂ v t ) descend to those obtained from the g t by the construction in Section 1.6, and at time one, this is the descendant of the strain field ex(µ).
Our map f µ equals Ψ 1 , and its bilipschitz constant satisfies
The integral on the right is now estimated using Theorem 23 ). Let Γ be a purely loxodromic Kleinian group and µ a Γ-invariant Beltrami differential on C. Let the harmonic strain field η = ex(µ) be the visual extension of µ. Then
where p lies in the ε-thick part M ≥ε and A depends only on ε.
Theorem 6 and Proposition 7 allow the transfer of this estimate to the desired estimate of log bilip( f µ )(p), see [13] . Now, again, the pointwise estimate of the norm allows the following Proposition, thanks to Proposition 12. In particular, the principal curvatures of f µ (F) are within δ of those of F.
Convex surfaces
where the k i are the principal curvatures of F-the reader will find it a nice exercise in plane geometry to verify the formula using the fact that, with our normalization, the hyperbolic curvature at (0, 0, 1) in a vertical hyperbolic plane is one plus the Euclidean curvature (a proof of this fact may be found in [5] ). Given a conformal metric m on a simply connected domain Ω in C, there is a unique map E : (Ω, m) → H 3 with the property that the visual metric at E(z) agrees with m at z in Ω.
The Epstein surface
We will only be interested in scalar multiples of the Poincaré metric ρ on Ω, and we write E t : (Ω, e t ρ) → H 3 . This map, and the following information concerning it, was discovered by C. Epstein [31] . A nice summary of the information we need here is contained in [18] .
We define the norm
Let f Ω be a Riemann mapping carrying the unit disk L to Ω. There is a T depending only on an upper bound for the weighted L ∞ -norm S f Ω ∞,ρ of the Schwarzian derivative S f Ω of f Ω such that E s is an embedding with strictly convex image whenever s ≥ T -the surface is curving away from Ω. Thanks to a theorem of Z. Nehari and W. Kraus, the norm S f Ω ∞,ρ is bounded by six, see Section 5.4 of [34] . So we may take T universal. We now restrict our attention to Ω that arise as a component of the domain of discontinuity of a quasifuchsian group QF(X,Y )-we will always think of Ω as the domain uniformizing Y . The principal curvatures of the surface E t (Ω) tend to one in absolute value-independent of Ω-as t tends to infinity, and so we assume as we may that for all s greater than or equal to T , these curvatures are at least 
. The map E T : Y → QF(X,Y ) is Lipschitz and its
Lipschitz constant is a function of T and S f Ω ∞,ρ only, see [5] .
We are now ready for the proof of the lemma.
Proof of Lemma 25 . All that remains to be shown is that the Hausdorff distance between I Y and E T (Y ) depends only on T and the compact set K. Since the hyperbolic surfaces in K have uniformly bounded diameter, and the Lipschitz constant of E T depends only on T and S f Ω ∞,ρ , we obtain a bound on the diameter of the surfaces E T (Y ) that only depends on T and K. Now, if E T (Y ) were entirely contained in the complement of a large neighborhood of I Y , it would have to have large diameter, as the projection to the boundary of this neighborhood is 1-Lipschitz, the boundary has large diameter itself, and E T (Y ) is homotopic to this boundary. So there is a constant c depending only on T and K such that E T (Y ) must intersect the c-neighborhood of I Y . Adding our diameter bound to c yields the desired number, d.
Focusing
Given a totally geodesic surface Σ in a hyperbolic 3-manifold M, a metric collar of
The following theorem says that a manifold with a deep collar around its boundary has a skinning map that is highly contracting on a large compact set. 
Theorem 26 (Focused Manifolds
)Π d,µ : σ d ([µ]) → F d,µ and Π d : Σ → F d .
Consider the composition
We would like this map to be very close to conformal when d is large. This is achieved by a local argument.
The surface 1, 0) . The f d,µ are bilipschitz with bilipschitz constants tending to one, and so, after passing to a subsequence, they converge in C 1 (B → H 3 ) to an isometric embedding f ∞,µ : B → H 3 -see Section B.5 of [49] for the C 0 -convergence and note that since we are using the infinitesimal notion of bilipschitz we may promote this to 
where A 1 and A 2 are balls in C centered at zero. By (1.5), the derivatives of the vertical maps are given by
and
Passing to limits Π ∞ and Π ∞,µ we see that
for each i, by Proposition 24. We conclude that the composition Π −1 ∞,µ • f ∞,µ • Π ∞ is conformal at 0, and so for large d, the global map
is very close to being conformal. So Σ and σ ([µ]) are close in the Teichmüller metric, and their proximity is independent of µ.
To prove our Quasifuchsian Density Theorem, and the Capping Theorem in Section 4, we will need the following theorem.
Theorem 27. Let X be a closed connected hyperbolic surface, let B(X, R) be the ball of radius R about X in T(X), and let ε > 0. Then there is a hyperbolic manifold M with totally geodesic boundary Σ homeomorphic to X satisfying
Let C d be the class of hyperbolic manifolds with totally geodesic boundary whose boundaries have collars of depth d. By Theorem 26, to prove the theorem we need only prove the following mild generalization of Fujii and Soma's theorem that the set of totally geodesic boundaries of hyperbolic manifolds is dense in the Teichmüller space [33] .
Theorem 28. For any d ≥ 0, the set of hyperbolic surfaces in T(S) appearing as totally geodesic boundaries of hyperbolic 3-manifolds in C d whose boundaries are homeomorphic to S is dense.
A circle packing on a hyperbolic surface is a collection of circles with disjoint interiors whose union has the property that all of the complementary regions are curvilinear triangles. A hyperbolic structure on a surface is a circle packing hyperbolic structure if it admits a circle packing.
We have the following theorem of R. Brooks.
Theorem 29 (Brooks [21, 20]). The set of circle packing hyperbolic structures on a surface is dense in the Teichmüller space.
Define the radius of a circle packing to be the maximum of the radii of its circles. The work in [20] and [21] in fact proves the following theorem. Consider the group Γ of Möbius transformations generated by the fuchsian group uniformizing X and all of the reflections in the circles of our configuration. We may choose an arbitrarily small quasiconformal deformation of Γ carrying our configuration of circles to a configuration of circles that may be completed to a circle packing of radius no more than ε. The fact that this deformation induces a small quasiconformal deformation of X completes the proof.
Theorem 30 (Brooks

Proof of Theorem 28.
We begin the proof as Fujii and Soma do, but use McMullen's Geometric Inflexibility Theorem to complete it.
Let Σ be a hyperbolic surface equipped with a circle packing C of radius ε. By the previous theorem, these are dense in T(Σ).
Fix a manifold M ′ with totally geodesic boundary homeomorphic to Σ for later use. Let K be a compact set in T(Σ) containing the image of σ M ′ .
By inscribing each complementary triangle in a circle, we obtain a dual configuration of circles D. Consider the group ∆ of Möbius transformations generated by Γ Σ and the reflections in the circles in C ∪ D. This group has a finite index torsion free subgroup whose Kleinian manifold has four boundary components, each conformally equivalent to Σ. Moreover, the corresponding convex core has totally geodesic boundary.
This manifold may be constructed directly by "scalloping" the circle packing, as we now discuss. Lift the configurations C and D to the unit disk in C = ∂ ∞ H 3 . Each circle is the ideal boundary of a totally geodesic hyperplane in H 3 , and for each such circle we excise from H 3 the open halfspace incident to the interior of the circle. We also excise the halfspace corresponding to the complement of the unit disk. What remains is a convex subset of H 3 whose boundary is a union of totally geodesic polygons meeting at right angles, together with a single copy of H 2 .
Let O be the quotient of this convex set by Γ Σ . The set ∂ O − Σ may be decomposed into two families, a family of triangles T arising from the triangles complementary to C, and the remaining polygons. Now, we double O along T , and then double this manifold along the double of the remaining polygons. The resulting manifold has four totally geodesic boundary components as described, and we glue two of them together to obtain a manifold M with ∂ M = Σ ∪ Σ.
Notice that since the radius of C is less than ε, the boundary of M has a very large collar, as all of the totally geodesic planes in the universal cover must be far away from the one whose boundary is the unit circle.
The manifold M has cusps, and these may be filled using the Hyperbolic Dehn Filling Theorem so that the totally geodesic boundary of the resulting manifold is very close to that of M and so that M still possesses a large collar about its boundaryby doubling, we may use the Hyperbolic Dehn Filling Theorem in the finite volume setting. For definiteness, we say that the depth of the collar is c. Now attach M ′ to the copy of Σ in ∂ M to obtain a manifold N, which we equip with its totally geodesic boundary structure. We claim that for large c, the totally geodesic boundary of N is close to Σ with a collar of depth d.
To see this, consider the double DN of N. This manifold is obtained from a double DM of M by capping off with M ′ ⊔ M ′ . We have a map
where, of course, the domain is a single point, by G. D. Mostow's Rigidity Theorem [55] . The image of ι lies in K × K.
In DM, the surface Σ 0 that will be the boundary of N is at a distance c from ∂ DM. By McMullen's Geometric Inflexibility Theorem, the bilipschitz constant of the map between the hyperbolic structure on DM with totally geodesic boundary and the image of ι is very close to one near Σ 0 when c is very large, as the diameter of K is fixed. We immediately conclude that the totally geodesic boundary of N has a large collar about its boundary when c is large. We also see that as c tends to infinity, the fuchsian group in Γ DN corresponding to Σ 0 is tending to the fuchsian group Γ Σ 0 = Γ Σ in the algebraic topology. Since the Teichmüller metric induces the algebraic topology on the space of fuchsian groups, we conclude that the totally geodesic boundary of N is close to Σ.
Quasifuchsian density
A theorem of Brooks' [21] says that any convex cocompact Kleinian group embeds in a cocompact Kleinian group after an arbitrarily small quasiconformal deformation. In case the Kleinian group is quasifuchsian, Brooks' argument produces a cocompact Kleinian group in which the quasifuchsian surface is nonseparating. We have the following. 
Theorem 31 (Quasifuchsian Density). The subset of QF(S) consisting of quasifuchsian groups that appear as the only boundary subgroup of a geometrically finite hyperbolic
Capping off
The following theorem is useful in promoting properties of skinning maps of manifolds with many boundary components to those of manifolds with connected boundary.
Theorem 32 (Capping Theorem). Let M be a hyperbolic 3-manifold with totally geodesic boundary
with totally geodesic boundary homeomorphic to Σ 0 with the property that 
, and form a 3-manifold M ε by attaching N j as above to the Σ j in ∂Ṁ. We have the maps
and Q * 0 : GF(Ṁ) → QF(Σ 0 ) induced by inclusion. By (4.1), (4.2), Theorem 6, and the triangle inequality, for any X, the hyperbolic metrics ι * (X) and (X, Σ 1 , . . . , Σ m ) are (1 + ε)-bilipschitz. In particular, the quasifuchsian manifolds
are (1 + ε)-bilipschitz. Theorem 6 completes the proof.
No universal bound Theorem 33 (Flexible Manifolds). For any R > 0, there is a small d such that if M is a hyperbolic 3-manifold with connected totally geodesic boundary Σ such that every metric collar about Σ has depth at most d, then the skinning map of M has diameter greater than R.
Proof. Let N n be a sequence of hyperbolic 3-manifolds with connected totally geodesic boundary Σ n such that every collar about Σ n has depth at most d n with lim d n = 0. Let Γ n be a uniformizing Kleinian group for N n , and let σ n = σ N n .
After normalizing, we may assume that U is the component of the domain of discontinuity of Γ n that uniformizes Γ Σ n . Since lim d n = 0, we may further normalize so that there are loxodromic elements g n in the Γ n with the property that
This normalization produces the picture in Figure 2 . There is a fundamental domain for Γ Σ n in L that contains g n U, and so, by (5.1), the Γ Σ n have fundamental domains ω n in U such that lim n→∞ meas(g n U − g n ω n ) = 0.
Let k ∈ (0, 1) and let K = 1+k 1−k . Define a Beltrami differential µ n for Γ n by declaring that µ n (z) = k g ′ n (z) g ′ n (z) on ω n and extending to U equivariantly.
We consider the constant function
By (5.2), the term (5.3) is less than ε for all sufficiently large n, and so
Putting k close to one-so that K is large-we see that we may take
as large as we like. This means that the distance d
is large, and so the skinning map σ n has large diameter.
Filling in
The following theorem allows us to perform hyperbolic fillings on a manifold with cusps without terribly disturbing the skinning map. 
Proof. For simplicity we assume that M has connected boundary, leaving the general case to the reader. In the proof, ε will denote a Margulis constant rather than our estimate of Teichmüller distance, which will remain unnamed. Let M X be M • equipped with the hyperbolic metric corresponding to X ∈ T(∂ M) ∼ = GF(M) and let P ε X denote the ε-margulis tube in M X corresponding to the set of cusps of M X . We let T X (α) denote a union of filling tori in M X (α).
Let C X = C(X, σ M (X)) be the convex core of the quasifuchsian manifold corresponding to π 1 (∂Ṁ X ). The core C X has two boundary components, one facing the conformal boundary of M X , the outer boundary O X , and another facing inward, the inner boundary I X -in the degenerate case when C X is a surface, we consider C X and C X the outer and inner boundaries.
Let F X ⊂ QF(X, σ M (X)) be the smooth surface in the d-neighborhood of I X given by Lemma 25. Note that F X is facing the skinning surface σ M (X). We have the restriction f X : F X → M X of the covering map QF(X, σ M (X)) → M X , and we claim that there is an ε such that, for all X, the surface f X (F X ) lies in the ε-thick part of M X .
A theorem of Brooks and Matelski [22] says that, for a fixed δ , the distance between the boundaries of the δ -thin part and the ε-thin part tends to infinity as ε tends to zero. If f X (I X ) intersected the ε-thin part of M X for some small ε, then the inverse image of this thin part in I X would contain an essential simple closed curve, or else the area of I X would be greater than its topological type allows. Furthermore, this curve γ will be short in the metric on I X . But, by a theorem of Sullivan there is a universal K for which I X and σ M (X) are K-bilipschitz [65] , see also [32] , and since the Bounded Image Theorem produces a lower bound on the injectivity radius of the latter surface, the curve γ cannot be too short. Since F X lies in the d-neighborhood of I X , this provides the desired ε.
Note that it follows from this and Theorem 8 that the I X lie in a compact family of pleated surfaces. Now let L > 1 and δ > 0. Theorems 10 and 17 and Proposition 19 provide an h and L-bilipschitz maps
when the normalized length of each component of α is at least h such that the principal curvatures of the G X,α = F X,α ( f X (F X )) are within δ of those of f X (F X ). By Theorem 9, the number h may be taken independently of X.
The map
and we have the following claim.
Claim. There is anh ≥ h such that G X,α is an embedding provided the normalized length of each component of α is at leasth.
Proof of claim. Let
be locally isometric covering maps, and let Γ α = π 1 (∂Ṁ(α)) and Γ = π 1 (∂Ṁ), so that
Consider the manifold
and note that ρ −1
where N α is the universal cover of N α . The diagram
commutes, and so G X,α = Ψ F X . The boundary components of N α /Γ α ⊂ QF(X, σ M(α) (X)) are annuli whose waists correspond to components β of α. Take such a β and consider a corresponding parabolic element γ β of π 1 (M). Normalize so that γ β fixes infinity and so that one of the boundary components of N is the horosphere H of height one in the upper half-space model. Since ε is now fixed, the injectivity radius of the flat torus ∂ P ε X is bounded below by a constant depending only on ε, and so the actual flat length of β will be large in ∂ P ε X provided its normalized length is large; in turn, the translation length of γ β acting on H will be large.
Since F X is a uniformly bounded distance from I X , and the latter lies in a compact family of pleated surfaces, the universal covers F X are uniform (K,C)-quasiisometrically embedded hyperbolic planes in H 3 -note that K and C depend only the diameter and coboundedness of σ M . In particular, the closest point projections of the F X to the horosphere H have uniformly bounded diameters. So, if the normalized length of β is large enough, F X will lie entirely inside a fundamental domain for γ β acting on N.
Since π 1 (N α /Γ α ) is isomorphic to the free product Γ α * F, where F is the free group generated by the essential curves in the boundary of ρ −1 α (T X (α)), it follows that if each component β of α has sufficiently large normalized length, then F X will project homeomorphically into N α /Γ α ⊂ QF(X, σ M(α) (X)) from N/Γ. Now assume that the normalized length of each component of α is at least as large as theh given in the claim, and let
Since the principal curvatures of F X are bounded away from zero by 1 2 in absolute value, for sufficiently small δ the F X,α are strictly convex. So there are homeomorphic normal projections Π : σ M (X) → F X and Π α : σ M(α) (X) → F X,α . Since F X and F X,α are smooth, the maps are diffeomorphisms.
We obtain a map
As L tends to one and δ to zero, the map G X,α becomes an isometry and the derivatives of the projections cancel in the limit, by Proposition 19 and the formula (1.5) -we omit the details here as the argument is essentially the same as that in the proof of Theorem 26. We conclude that for L very close to one and δ small, the Teichmüller distance between σ M (X) and σ M(α) (X) is small independent of X.
The proof in fact establishes the following more universal statement: 
Pinching
By Fujii and Soma's Density Theorem [33] , there are hyperbolic 3-manifolds whose totally geodesic boundaries contain pants decompositions as short as desired, see also [42] , and so the following theorem produces manifolds whose skinning maps have diameters descending to zero.
Theorem 36 (Bromberg-Kent) . For each ε > 0 there is a δ > 0 such that if M is a hyperbolic 3-manifold with totally geodesic boundary Σ containing a pants decomposition P each component of which has length less than δ , then the diameter of the skinning map of M is less than ε.
Proof. For simplicity we assume that Σ is connected and of genus g. We let Γ denote the unifomizing Kleinian group for our 3-manifold, and as we work with the open manifold H 3 /Γ, we let M = H 3 /Γ and consider Σ a totally geodesic surface inside M. Let ε 3 be the 3-dimensional Margulis constant and let T Σ be the ε 3 -Margulis tube about P in M. Now consider the double DC(M) of the convex core of M. The tube T Σ isometrically embeds in the double and so we call its image by the same name.
If the total length of P is small enough, then the depth of each component of T Σ is large, by Brooks and Matelski's Theorem [22] . Let m = m 1 ⊔ · · · ⊔ m 3g−3 be a geodesic 1-manifold in ∂ T Σ such that each component m i bounds a disk in DC(M). Each component m i of m is a meridian. Since the tube T Σ is deep and its core P is short, the actual flat lengths of the m i in ∂ T Σ are all large.
By Brock and Bromberg's Drilling Theorem, Theorem 17 here, we may drill P out from DC(M) to obtain a complete hyperbolic manifold M ′ and an L-bilipschitz map
where L is very close to one and P is a Margulis tube about the 3g − 3 new rank-two cusps in M ′ -here we are using the Drilling Theorem in the case when the conformal boundary is empty. Letting m ′ 1 , . . . , m ′ 3g−3 denote the geodesic representatives of the f (m 1 ), . . . , f (m 3g−3 ) respectively, we see that the actual flat lengths of the m ′ i are large in ∂ M ′ .
Note that M ′ is the double of a manifold whose interior is homeomorphic to M and whose boundary is a union S = S 1 ∪ · · · ∪ S 2g−2 of thrice-punctured spheres. The involution on M ′ implies that S may be isotoped to be totally geodesic in M ′ . So the surface S cuts each meridian m ′ i into two arcs of equal length. Another application of the Drilling Theorem allows the drilling of P from M to obtain a complete hyperbolic manifold N with conformal boundary Σ and an L-bilipschitz
where L is very close to one and P Σ is a Margulis tube about the new rank-two cusps. The manifold N contains 2g − 2 incompressible properly embedded thrice-punctured spheres S 1 , . . . , S 2g−2 whose ends lie in P Σ . A theorem of Adams [1] says that we may take the S i to be totally geodesic in any complete hyperbolic structure on N-in [1] , the theorem is stated for finite volume hyperbolic manifolds, but it is easily seen that the proof is valid as long as the ends of the punctured spheres lie in the cusps of the ambient manifold.
Again we write S = S 1 ∪ · · · ∪ S 2g−2 and let N ′ be the closure of the component of N − S homeomorphic to M. Note that our manifold M ′ above is the double of N ′ .
There is a map
induced by inclusion. Since the boundary of N ′ is a collection of totally geodesic thrice-punctured spheres, this map is constant, and so N ′ isometrically embeds in each N X as X ranges over T(Σ) ∼ = GF(N). We name these embeddings
For X in T(Σ), let n 1 (X), . . . , n 3g−3 (X) be a collection of geodesic meridians on ∂ P X in N X . The surface S isometrically embeds in each N X as the boundary of N ′ and so cuts each n i (X) into two arcs, one of which has actual length at least half as large as the length of m ′ i , which is large by the above discussion. Furthermore, the actual length of the intersection S ∩ ∂ P X is bounded above by a universal constant, as an embedded horocycle in a thrice-punctured sphere can only be so long. Since m i (X) and S ∩ ∂ P X meet at a right angle, we conclude that the normalized length of m i (X) is large for all i and X. If these normalized lengths are large enough (which is guaranteed if the total hyperbolic length of P is small enough), we may perform hyperbolic Dehn filling at the slope m(X) = [m 1 (X) ∪ · · · ∪ m 3g−3 (X)] to obtain M X . Moreover, the Drilling Theorem again tells us that for each X there is an L-bilipschitz map
We now construct a surface G in N ′ that will allow us to compare skinning surfaces. Unlike the surfaces in the proofs of Theorems 26 and 34, this surface will not be convex.
The surface G is built from the geodesic surface S and the union of tori ∂ P Σ . Outside a small neighborhood U of P Σ , the surface G is simply S − U. To describe G in U, we begin by defining a slice of G.
Pick a component P 0 of P Σ and consider one of its preimages in H 3 normalized to be the horoball B centered at infinity that passes through i. Choose a sphere S i that intersects P 0 and further normalize so that a preimage S i of S i contains the geodesic γ passing through zero and infinity. There is a hyperbolic plane H that intersects both ∂ B and S i at right angles.
The plane H is pictured in Figure 3 with the boundary of B and the geodesic γ in gray. Also in gray is a circle C tangent to γ at i and whose Euclidean radius is slightly larger than one-note that, choosing inward pointing normals, the hyperbolic curvature of C is strictly greater than −1. The black arc β is the concatenation of an arc in γ = S i ∩ H, an arc in C, and an arc of ∂ B. Note that if the meridian in N is long enough, then β may be taken disjoint from all of the other preimages of components of S. If the meridian is still longer, then two adjacent lifts of components of S that intersect B may be joined be an embedded arc formed by concatenating a copy of β and a copy of its reflection through a vertical line-this will guarantee that our surface G is embedded. Now, the arc β is not smooth, but a small perturbation changes β into a smooth arc α that agrees with β near its endpoints and all of whose curvatures are strictly greater than −1. Now, pushing α down into our neighborhood U of P 0 , revolving it through the product structure there, and taking the union with the surface S − U, we obtain a smooth embedded surface G all of whose normal curvatures are strictly greater than −1.
By construction, G is contained in the ε ′ -thick part of N for some universal ε ′ . Note that the surfaces f −1 (G) and g X • ι X (G) are homotopic to the convex core boundaries of M and M X , respectively. Proposition 19 tells us that the normal curvatures of f −1 (G) and g X • ι X (G) are very close to those of G, and, in particular, are greater than −1. This is all that is needed for the existence of diffeomorphic normal projections Π :
, as the hyperbolic Gauss map of a smooth embedded surface in H 3 is a diffeomorphism provided all of its normal curvatures are strictly greater than −1.
As in the proofs of Theorems 26 and 34, the derivatives of Π and Π X become inverses as we let the normal curvatures of g X • ι X (G) tend to those of f −1 (G), and so, letting our bilipschitz constant L tend to one, we see that the composition
is very close to conformal in a manner independent of X.
Volume estimate
In Section 1.5 we established the convention that given a manifold M with conformal boundary X, a filling M(α) is assumed to be equipped with conformal boundary X. When working with manifolds with totally geodesic boundary, it is often useful to normalize so that the filled manifold has totally geodesic boundary. In the following theorem, a manifold with totally geodesic boundary is said to be obtained from a manifold M with totally geodesic boundary via hyperbolic Dehn filling if it is topologically obtained from M via Dehn filling and the core of the filling torus may be taken to be geodesic in the hyperbolic metric with totally geodesic boundary. Sketch. The theorem is typically stated for finite volume manifolds without boundary, as in chapter 5 of [68] , see also [40] , but it is easily seen that the argument there provides the version here. For the reader's convenience, we sketch the proof.
Let ε be the 3-dimensional Margulis constant. Let N be a hyperbolic manifold of volume less than V with totally geodesic boundary. Let X be a subset of the thick part N ≥ε maximal with respect to the property that no two points of X have distance less than or equal to ε 2 . The bound on the volume bounds the cardinality of X, as the ε 4 -neighborhood of X is embedded. Since X is maximal, the ε 2 -balls about the points of X cover N ≥ε .
The combinatorial pattern of the ε 2 -balls determine N ≥ε up to diffeomorphism, and so N ≥ε belongs to a finite list of manifolds depending only on V , as there are only finitely many patterns.
If a Margulis tube in the thin part N ≤ε is incident to ∂ N, there is only one topological Dehn filling there, and as the geometry of N depends only on its topology, by Mostow-Prasad Rigidity [62] , we are free to fill these tubes to obtain a manifold N * .
To see that this manifold admits a hyperbolic structure with totally geodesic boundary, note that the double DN is a hyperbolic manifold of finite volume. Now, the complement of a collection of simple geodesics in a finite volume hyperbolic 3-manifold admits a finite volume hyperbolic metric itself, see [44] , for instance, and so DN * admits such a metric-in fact, the smooth part of any finite volume hyperbolic cone manifold admits such a metric, by a theorem of Q. Zhou and S. Kojima, see [73] and [45] . The involution on DN * implies that ∂ N * is totally geodesic in this metric, and we obtain a metric with totally geodesic boundary on N * . 
Theorem 38 (Volume Estimate
. . , M n 1 } be the list of manifolds given by Jørgensen's theorem after discarding any manifolds with empty boundary.
For each i, let δ i , A i , and B i be positive constants such that the image of σ M i is δ i -cobounded and
as we may by finiteness, Theorem 1, and the Bounded Image Theorem. Let ε i > 0 be small enough so that the ε i -neighborhood of the δ i -thick part of
For each i, let E i be the set of filling slopes α for M i such that the normalized length of every component of α is less than the constanth ε i (M i ) given by the Filling Theorem and such that there exists a hyperbolic manifold M = M i (α, β ) with totally geodesic boundary of volume less than V such that the cores of the filling tori are geodesic in that metric. Being the complement of a union of geodesics in M i (α, β ), the manifold M i (α) admits a hyperbolic structure with totally geodesic boundary.
For each α in E i , adjoin the manifold M i (α) to the list M 1 to obtain a finite list of manifolds M 2 = {M 1 , . . . , M n 1 , M n+1 , . . . , M n 2 }. For n 1 + 1 ≤ i ≤ n 2 , we define ε i , as before, to be small enough so that the ε i -neighborhood of the δ i -thick part of
We apply the argument again to the set M 2 to obtain a set M 3 , to which we again apply the argument. This process terminates in a finite set M k = {M 1 , . . . , M n k }. Now, by construction, this set has the property that given a manifold M with totally geodesic boundary and volume less than V , there exists an i ∈ {1, . . . , n k } such that M = M i (γ) where the cores of the filling tori are geodesics in M and the normalized length of each component of γ is at leasth ε i (M i ). So, letting
we see that for any M with totally geodesic boundary and volume no more than V , the image of σ M is δ -cobounded and B ≤ diam(σ M ) ≤ A.
The Bounded Image Theorem
In the following M will denote a compact oriented irreducible atoroidal 3-manifold with incompressible boundary of negative Euler characteristic. Let ∂ 0 M be the part of the boundary that contains no tori. We know of no proof of this global statement. In all accounts of Thurston's argument, a local statement is used at the final gluing step, namely that for any X in T(∂ 0 M), the sequence (τ • σ M ) n (X) is bounded. See [51, 48, 56, 41] .
Theorem 39 (Thurston
We continue to the proof of Theorem 39. Let N be a manifold. A compact core of N is a compact submanifold with the property that the inclusion is a homotopy equivalence. It is a theorem of G. P. Scott that aspherical 3-manifolds with finitely generated fundamental groups have compact cores [63] .
Let ε 3 be the 3-dimensional Margulis constant. If N is a hyperbolic 3-manifold, let N 0 denote the complement of its ε 3 -cuspidal thin part. An end E of N 0 homeomorphic to S × [0, ∞) is simply degenerate if there is a sequence of pleated surfaces f n : S → E homotopic to the inclusion S × {0} → E whose images leave every compact set in E.
To show that the range of our map lies in the Teichmüller space, we will need Thurston's Covering Theorem [68] , see [25] :
Covering Theorem. Let f : N → M be a locally isometric covering of hyperbolic 3-manifolds whose fundamental groups are finitely generated. Let Canary's strong version of this theorem removes the requirement that the end correspond to an incompressible surface, provided the manifolds in question are tame. Tameness is provided in Thurston's theorem by a theorem of F. Bonahon [12] , and is now known for all hyperbolic manifolds with finitely generated fundamental group by the recent solution to Marden's Tameness Conjecture by I. Agol [2] and D. Calegari and D. Gabai [23] . For the continuity we will need the following embedding theorem of Canary and J. Anderson, which is implicit in [6] . Proof. Let Γ a and Γ g be the Kleinian groups for M a ∞ and M g ∞ , respectively. By Tameness and Proposition 2.7 of [7] , for any element γ of Γ g − Γ a , the intersection Λ Γ a ∩ γΛ Γ a has cardinality at most one. So either Γ g = Γ a or Γ a has a nonempty domain of discontinuity. In the first case, the theorem is obvious. In the second, the theorem follows from Corollary B of [6] . (Brock-Kent-Minsky) . For simplicity we assume that only one component ∂ 0 M of ∂ M has negative Euler characteristic. Let M λ be a hyperbolic manifold in AH(M) with end invariant λ . Let f : N λ → M λ be the cover of M λ corresponding to ∂ 0 M. This manifold has two end invariants, one of them λ corresponding to the lift of the end of M λ , and a skinning invariant σ M (λ ) corresponding to the new end E (the end E is tame by Bonahon's theorem).
Proof of Theorem 39
If there were a rank-one cusp in E, it would cover a rank-two cusp in M λ , and we would conclude that a closed curve in ∂ 0 M is homotopic into a torus in ∂ M, contrary to the fact that M is acylindrical. So E is an end of N Now, the restriction of f to E is infinite-to-one, and so, by the Covering Theorem, E cannot be simply degenerate, as M λ has infinite volume. This means that σ M (λ ) is a Riemann surface homeomorphic to ∂ 0 M, and we have a map ∞ is embedded in M g ∞ , another application of the Covering Theorem reveals that E g is conformally compact as well. Since the core of N a ∞ embeds in N g ∞ and carries the fundamental group of E g , we see that E g lifts isometrically into E a and so the two ends have the same ideal conformal surface σ M (M a ∞ ). To complete the proof, choose an Epstein surface F in E g and push it into the approximates N n to obtain surfaces F n . Since the convergence in the geometric definition of geometric convergence may be taken to be C ∞ -convergence (see [24] and Section E.1 of [9] ), we see that for all sufficiently large n, the surfaces F n are strictly convex and the normal curvatures of the F n converge to those of F. By convexity, we have normal projections σ M (M n ) → F n and σ M (M a ∞ ) → F whose derivatives depend only on the normal curvatures of the F n and F. Since these curvatures are converging, the derivatives will cancel in the limit, as in the proof of Theorem 27. Composing with the approximating bilipschitz maps, we conclude that for very large n, the composition is very close to conformal and so the σ M (M n ) are converging to σ M (M a ∞ ).
